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ABSTRACT

This thesis focus on the lattice properties of vector spaces. First of all, to help our subject, we
examined what Riesz space is and some of its properties. Then, we showed some lattice
properties and from these properties we proved the widely used theorems in Riesz spaces.
Later, we examined some important definitions such as ideal, band in Riesz space and from
here we showed some theorems and lemmas that were proved based on those definitions.

Finally, we end the thesis with a short section about order completeness and Riesz algebra.
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1. THE LATTICE STRUCTURE OF RIESZ SPACES

1.1. Elementary Properties of Riesz Spaces

A real vector space E with an order relation < (also known as a reflexive, antisymmetric,
transitive relation <) that is compatible with the algebraic structure of E in the sense that it
has the following two properties is referred to as an ordered vector space:

(i) If x<y, thenx+z<y+zholds for every z € E.

(ii) ) If x <y, then ax < ay holds for each a =2 0.

The zero element of a vector space will be represented by the number 0. The elements x of E
is called positive vectors of E whenever x 2 0. The set of all positive vectors of E will be denoted

by E*. E*={x €E:x20}is called a cone ( or positive cone) of E.

A nonempty subset A of E is said to have a supremum if there is some x € E that satisfies a
< xfor all a € A and such that whenever a <y holds foranyy € Eand all a € A, then x<y. The
supremum of A (or the least upper bound of A) is defined by supA . The infimum of A (or

greatest lower bound of A) is defined by infA, has a similar definition.

Definition 1.1.1. An ordered vector space E is called a Riesz space(or vector lattice) if sup{x,y}

and inf{x,y} both exist in E for every x,y € E.

We will use xVy to represent the supremum of the set {x,y}. Similarly, xAy represents the

infimum of the set {x,y}. That means sup{x,y} = xvVy and inf{x,y} = xAy.

Let x € E be a Riesz space then the positive part of x is defined by x*= xV0, the negative part of

x is defined by x'= (-x)V0, the absolute value(or modulus) of x defined by |x]|= (-x)Vx.

Theorem 1.1.2. (Lattice Identities). Let E be a Riesz space and x, y, z € E. Then, the following

identities are true:



(1) xvy=-[(-x)A(-y)]

(2) xAy =-[(-x)V(-y)]

(3) x+(yvz)=(x+y)V(x+2) and x+ (yAz) = (x + y)A(x + 2)
(4) x-(yvz) =(x-y)V(x-2) and x - (yAz) = (x - y)A(x - 2)
(5) xvy=(x-y)+y=(y—x)"+x

(6) a(xvy)=(ax)V(ay) and a(xAy) = (ax)A(ay) foralla =0
(7) |ox| =|a]|x| foralla € R

(8) xvy==(x+y+|x-yl) and xAy = ~(x+y—[x-yl)
(9) x+y=xVy+xAy

(10) x =x*-x and x*Ax=0

(11) |x] =x*+x

(12) [x-y]| = xVy - xAy

(13) Ix+y|VIx=y[ = |x| + |y

1 1
(14) [x[vlyl = S (Ix+y] + [x=y[) and [x[A]y] = S (Ix+y]| - |[x=y])

Proof. (1) We know that x < xVy and y < xVy. Multiply with (-1) both side these equations and
the we get -x 2 -(xVy), -y 2 -(xVy). That means (-x)A(-y) = -( xVy). On the other hand, assume
that -x 2 z, -y 2 z. Then x < -z, y < -z. From here, we get -z is an upper bound of the set {x,y}

such that xvy < -z(or z £ -(xVy)). This shows that —(xVy) is the infimum of the set {-x,-y}. So,

(-X)A(-y) = -(xvy) or xVy = -[(-x)A(-y)].
(2) This identity can be proved similarly by looking at the proof in (1).

(3) Let a =yvz. We know thaty <aand z<a. Clearly, x +y<x+aand x+z<x+a. From here,
we get (X + y)V(x + z) £x + yVz. Conversely, let b = (x + y)V(x + z). Then, x +y<bandx+z<bh.
From here we get y < (-x) + b and z < (-x) + b. This shows that yvz < (-x) + (x + y)V(x + z) or
X+yVz < (x +y)V(x + z). From inequalities, we get x + (yVz) = (x + y)V(x + z). The other identity

can be proven in a similiar manner.

(4) The validity of these identities can be made from the proof (1), (2) and (3).



(5) We will use equation x*= xV0 to prove the identity

(x-y)+y=(x-y)VO+y=[(x—y) +yIV(0 +y) =xVy
(y=x)"+x=(y—x)VO+x=[(y—x)+x]V(0 + x) =yVx = xVy

(6) For a =0, it is clear. Assume that a > 0. We know that x < xVy and y < xVy. From here, we
get ax £ a(xVy) and ay < a(xVy). That means (ax)V(ay) < a(xVy). Then assume that z > ax and
z > ay. It follows that a'z > x and alz > y. Hence we get alz > xVy or z > a(xVy). This shows
that a(xVy) is the supremum of the set {ax, ay}. Consequently we get a(xVy) = (ax)V(ay). A

similar method can be used to reveal the second identity.

(7) To prove this identity we will use |x]|= xV(-x).
For a >0, we get |ax| = (ax)V(-ax) = a[xV(-x)] = |a]| |x].

For a <0, we get |ax| = (ax)V(-ax) = [(-o)(-x)]V(-ax) = (-a)[(-x)Vx] = |a| | x].

(8) We will use |x|=xV(-x) to prove the first identity.
X+y+ |x=—y|=x+y+(x-y)Vy—x) = (x+y+x—y)V(x +y +y—x) = (2x)V(2y) = 2(xVy). Hence,

we get xVy = % (x+y+ |x-y]|). The other identity can be proved in a similar manner.
(9) The identity is obtained by adding the identities in (8).

(10) For the first identity we will use (9), then we get,
X=X+ 0=xV0+ xA0 =xVO0 - (-x)VO = x -x". For the second identity we will use the first identity,

then we get x*A x = (x*- x)A0 + x = xA0 + x" = -[(-x)VO] + x =(-x) + x = 0.

(11) Using the definition of absolute value, then we get

[x]=xV(-x) = (2x)V0 — x = 2(xV0) — x = 2x* - (x* - X)) =x* + x".

(12) From (8) we get

1 1
XVY - XAy =— (x+y + [x-y[) - (x+y—[x-y])

1
=S X+y+x=y[-x=y+ |x=y[) = [x-y].



(13) Observe that |x+y|V[x=y| =[(x +y)V(=x=y)] V [(x = y)V(y = x)]
= [(x+ y)VIx=y)] V [(=x= y)V(y = x)]
=[x+ yV(=y)] V [=x+(-y)Vvy]
=[x+ yl]VI[=x+1lyl]
= [xV(=x)] + |yl

=Ix] + |yl

(14) For the first identity we will use (8), then we get
Ix+y| +Ix=y|=(x+y)V(=x=y) + [x-y]
=(x+y+|x=y[)V(=x=y+|x=y])
= 2([xvy]VI(=x)V(=y)])
= 2([xV(=x)IVIyV(-y)])
=2(Ix]VIyl).
From here |x|V]y]| = %(|x+y| + |x—-vy]|).
For the second identity we will use (9), (12), and (13), then we get
Ix+y| - |[x=y[=[x+y|V]x=y| = |x+y[A] x-y]
= Ix+y|V]x=y| =(Ix+y| + [ x=y| = |[x+y|V]x=-y])
=2(Ix+y[VIx=y[)=(Ix+y[ + [ x=y])
=2(Ix] + Iyl) =2(Ix|vIyl)
=2(|x|Aly]).

From here [x|Aly| = 2 (Ix+y] - [x=y|). m

Lemma 1.1.3 (The Infinite Distributive Law). Let A be a nonempty subset of a Riesz space E. If
supA exists, then for every vector x € E there is sup { xAa : a € A } and
XASUpA = sup { xAa : a € A }. Similarly, if infA exists, then for every vector x € E there is

inf{xva:a€Al}andxVvinfA=inf{xva:a€A}.

Proof. Assume that supA exists. Let y = supA and x € E. Then, xAa < xAy for every a € A. From
here, let b € E be an upper bound of the set xAA = {xAa : a € A }. This means xAa < b holds for
every a € A. We know that x + y = xVy + XAy is true in Riesz spaces. Using this lattice identity,

we get x + a - xVa = xAa < b for every a € A. From here we havea<b + xVa—x<b + xVy —x



for every a € A. Then, y £ b + xVy — x. From here we get xAsupA = sup { xAa : a € A }. Other

formula can be proven in this way.m

We will present a classical identity in Riesz spaces known as Birkhoff’s identity which is a direct

application of the distrubituve laws.

Corollary 1.1.4 (Birkhoff’s Identity). Let E be a Riesz space and X, y, z € E. Then,

|xVz — yVz | + |xAz — yAz | = [x—y]| holds.

Proof. To prove this identity we will use the lattice identities (9) and (12) of Theorem 1.1.2.
with the distributive laws, then we get
[xVz — yVz | + [xAz — yAz | = [(xVZ)V(yVz) — (xVZ)A(yVz)] + [(XxAz)V(YAZ) — (XAz)A(yAz)]

= [zV(xVY) — zV(XAY)] + [zZA(XVY) — ZA(XAY)]

= [zV(xVy) + zA(xVY)] — [zV(XAY) + ZA(XAY)]

=[z + xVy] — [z + XAY]

= XVy — XAy

= |x-y|. =

Theorem 1.1.5 (Lattice Inequalities). In Riesz spaces the following lattice inequalities are true.
(1) (The Triangle Inequality) Let x and y be arbitrary vectors in a Riesz space, then
[Ix] =1yl < Ix+yl < x| + |yl
(2) (Birkhoff’s Inequalities) Let x, y, and z be arbitrary vevtors in a Riesz space, then
| xVvz—yVvz| < |x—-y| and | xAz— yAz| £ |x—Yy|
(3) Let x and y be arbitrary vectors in a Riesz space satisfy x <y, then
x*<y* and y <x.

(4) Let x, x1, X2, ..., Xn be positive vectors in a Riesz space, then

XA(X1 + X2 + ... + Xn) £ XAX1 + XAX2 + ... + XAXn.
(5) Let x1, X2, ..., Xn be vectors in a Riesz space, then

N(X1*A ... AXnt) = n(XaA ... AXn)T < (X1 + ... + Xn)*.

Proof. (1) Clearly, x +y < |x| + |y| and x -y =—(x +y) £ |[x] + |y|. From here, we get
[x + y|] = (x + y)WV[(x + y)] < |x|] + |y|. For the other side, we have
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[x] = |[(x +y) —y| £ |x+vy| + |y|] and hence we get |x| - |y| £ |x + y|. Also we get
lyl = [ty +x) + (=x)[ < |y +x| + |- x| = |y +x| + [x| or [y| - |x] =-(|x] - [y]) < |y +x|=
Ix+y].So | [x] = |yl| £ |x+y]|.Thus, | [x] = |yl| € |x+y]| £ |x]| + |y] is true.

(2) Notice that

XVz—yVz=(x-2z)VO+z—(yVz)
=(x=2)" +z +[(-y)A(-2)]
=(x—2)*+ (z-y)AO
=(x=2)"-[(y-2z)v0]
=(x=2)"=(y-2)
=[x=y)+{y=-2)]" = (y-2)°
S(x=y)'+ly=-2)" = (y-2)
=(x=y)’
< |x-yl

yVz—xVz = (y-z)V0 + z — (xVz)
=(y—2z)" +z+[(-x)A(-2)]
=(y—2)*+(z-x)AO
=(y—2)"-[(x-2)v0]
=(y-2) =(x-2)
=[ly=x)+{x=2)]" = (x=2)*
S(y=-x)*+(x—-2z)" = (x—2)*
=(y—x)*
Sly=x|=Ix-y]

So, | xVz—yVz| £ |x—y]|. The other inequality can be proven in a similar way.

(3) Letx<y.Inthatcase x<y<yvO=y*and 0 <y*. From here x* =xV0 < y*. For other inequality
we have -y < -x. Then -y £ -x £ (-x)VO = x" and 0 < x". From here y = (-y)VO < x". The proof of

these inequalities is finished.

(4) Let y = xA(x1 + x2). Then y < x1 + x2 and from here we have y - x1 < x,. Likewise we get
Yy - X1y £ X2. SOy - X1 £ XAxz2. This means y - xAxz £ x1 and hence y - xAx2 £y £ x. From the
inequality y - xAx2 £ XAx1 or y £ xAx1 + xAxz. Put y in the equality then we have

6



XA(X1 + X2) £ XAX1 + XAxa2. The general case can be proven by induction.

(5) From this inequality n(x1A ... AXn) £ X1 + ... + Xn We can get n(xaA ... AXn)* < (X1 + ... + Xn)*. For
other side we have n(xi1*A ... A xn*) = n[(x1V0) A (x2VO0) A ... A (xnVO)]

= n[(x1AX2A ... AXn)VO]

= N(X1AX2A ... AXp)™.

So, we get n(X1*A ... AXn*) = n(X1A ... AXn)* S (X1 + ...+ Xn)*. B

Definition 1.1.6. Let £ be a Riesz space and x, y € E. x and y are called disjoint (or orthogonal)
if | x|A|y| =0. The symbol xly represents orthogonality of x and y.[ xLy & |x|A]y]| = 0]
Let A and B be nonempty subsets of a Riesz space. A and B are called disjoint(or orthogonal) if

|a|A|b| =0foralla € Aandb € B. The symbol ALB represents orthogonality of A and B.

Lemma 1.1.7 (Disjointness Properties). Let £ be a Riesz space and x, y, z € E. Then the
followings are true:

(1) If xLy and x1z hold in Riesz space E, then xL(ay + Bz) holds for all a, B € R.

(2) xandy are disjoint if and only if |[x +y| = |[x—Yy].

(3) If xly holds in E, then |x+y| = |x—y| =Ix| + |y| = [Ix| = |y[] = [x|V]y].

(4) Every subset of a Riesz space consisting of pairwise disjoint nonzero vectors is linearly

independent.

Proof. (1) Let xly, xLz and a, B € R. By the definition of the disjointness, we have
|x]Aly| =0and |x|A|z| =0. Then, we get
0< |x| Aoy + Bz|

< IxI A(lay| +[Bz]) = [x] A(lally] + [Bl]z])

< IxEA ol lyl) +(IxI ACIB]z])

<L+ [al)Ix|AL+ [al)ly] + (21 + [BI)IXIA(L+[B])]z]

=(1+ [al)[IxIAly [T+ (1 + [BDIIx]Alz]]

=(1+|a])0O+(1+|B|)0=0.

So we found |x| A |ay + Bz| = 0. This implies x1(ay + Bz).

(2) Using the second identity in (14) of Theorem 1.1.2. we know |x|A|y]| = §(|x +y|-|x=-vy]|)
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is true in a Riesz space. From here, clearly xly are disjoint if and only if |[x+y| = [x—y]|. From

here we infer that xLly if and only if |[x +y| = |[x—y]| is true.

(3) Let If xLy holds in Riesz space E. We know that |x+y| = |[x—y]| is true by part (2). Let apply
the same result to the vectors |x| and |y| then we get | |x]| = |yl ]| = | Ix] + |yl |= |x] +|y| =

x|V ]y|. Then notice that from the identity in part (13) of Theorem 1.1.2. yields

Ix+y| =|x=y|[=Ix]+ [yl =[|Ix| =1yl| = [x|V]y].

(4) Let x4, ... ,xn be pairwise disjoint nonzero vectors in a Riesz space and aixy + ... + 0nXn =0. By
(1) and (3), we have 0 = |oux1s + ... + OnXn| = |aiX1]| + ... + |0Xn| = |aa| [X2| + ... + || [Xn].
From here |ai| |xi| = O for every i. We know |xi| > O for every i, so we get |ai| =0 or a; = 0 for

everyi=1,..,n. As a result the nonzero vectors xi, ... ,Xz are linearly independent. m

Theorem 1.1.8 (The Riesz Decomposition Property). Let £ be a Riesz space and the inequality
[X| £ | y1+y2+..+yn| holds. Then there exist vectors xi, ... ,xn € E satisfying |xi| < |yi|for
everyi=1,..,nand x = xy, ... ,Xn .If the vector x is positive then the vectors xi can be choosen

positive.

Proof. Assume that |x| < |y1 + y2|. Then take x1 = [xV(-|y1])]JA|y1|. From the inequalities
-lya]l € x V (-]yal) and -]y1| < |yil, it follows that -|y1]| < x1 or -x1 < |y1]. Moreover, from
x1 < |y1]|, we get |x1| = (-x1) V x1 £ |x1] (and if x positive then 0 < x1 < x holds). Now take
X2 =X — X1, then we get xo =x—[x V (-|y1|)IAly1] = [OA(x + |y1]|)]V (X - |y1]). On the other side
, Ix] < lyil + |y2| implies —|yi] — |y2l € x £ |yil + |y2| which we obtain
-ly2| = (-]y2|)AO < (x + |y1|)AO < x2 < OV(x - |y1]) £ |y2]. Thus we get |x2| < |y2|. The general

case can be proven by induction.m

Definition 1.1.9. Let A be a subset of a Riesz space E. A is called solid if |x| < |y| for some
y € A implies x € A. If every subset A of E is contained in a smallest solid set, then it is called
solid hull of A and indicated by Sol(A). From here, we see

Sol(A) ={y € E: 3x € A such that |y| < |x]|}

Every solid set A is a balanced set if x € A, then ax € A for every a € R with |a| < 1.

A subset A in a vector space is called convex if ax + (1—a)y EAforallx,yEAand0<a<1.

8



Definition 1.1.10. A is called a directed set if for a, B € A there is a y € A such that a<y and

B<y.

Definition 1.1.11. A net of a set X is a mapping x : A = X from a directed set A to X. x(a) will
be denoted by xqand the net x : A - X denoted by {Xq}.

Definition 1.1.12. If x < xg whenever a < 3 then a net {xq} in a Riesz space is called increasing
net(in symbols xqa71). If Xg £ Xo Whenever a < B then a net {xo} in a Riesz space is called

decreasing net(in symbols Xq ).

The notation x.tx means that the net {x,} is an inreasing net and supremum of the set
{ xa : a € A} exists and sup{xq} = x. The notation x,\ x means that the net {xo} is a decreasing

net and infimum of the set { xq : a € A} exists and inf{xq} = x.

Definition 1.1.13 (Order Convergence). A net {x,} in a Riesz space E is order convergent to a
element x € E (xq—Xx) if there exists a set {yq} of A such that |xq — X| £ yal 0. The element x is

said to be the order limit of the net {xad}.

Lemma 1.1.14. A net in a Riesz space can have only one order limit.

Proof. Assume that the net {xo} has two order limits in a Riesz space. Let xa—x and xq—t. Using
the definition of the order convergence, suppose that {y«} and {z«} be two nets satisfying
[Xa — x| £ yolO and |x« — t| £ zl0. Then for every a we get
[x=1t] € |X=Xa| + [Xa—t] € Yo + Za.

Since Yo + 2o 0, it follows that [x —t|=0, from here we getx—t=0.So,x=t.m

Definition 1.1.15. A subset A of a Riesz space E is called order closed if {xo} € A and xq—Xx in E
that x € A, then A is order closed if it contains its order limits. Similarly, if a subset A includes

its sequential order limits, it is said to be o-order closed.

Lemma 1.1.16. A solid subset A of a Riesz space E is order closed if and only if {x,} £ A and

9



0 < xoaMx imply x € A.

Proof. Assume that solid A satisfies the stated property and if {x«} € A then xq—x. Choose a
net {yq} satisfying yad 0 and |xq — x| <y« for every a. From here we get 0 < (|x] - yo)* | x| and
(Ix] - ya)* < |xal| for every a. This implies {(|x| - ya)*} € A. Hence we get x € A.This indicates

that A is order closed. m

1.2. Ideals, Bands, and Riesz Subspaces

Definition 1.2.1. A solid subspace of a Riesz space E is called an ideal. A o-order closed ideal is
called a o-ideal and an order closed ideal is called a band.

Let A and B be ideals, then their algebraicsum A+ B={a+b:a € Aand b € B} is an ideal too.

Lemma 1.2.2. An ideal A is a band if and only if {xo} € A and 0 < xqx imply x € A. Similarly, an

ideal A is a o-ideal if and only if {xn} € A and 0 < xpx imply x € A.

Definition 1.2.3. Let A be a nonempty subset of a Riesz space E. If A is included in a smallest
ideal Ea, then it is called the ideal generated by A: Ea = {x € E: |x| < AY]-,|x;| such that Ix, ...
Xn€ A and A >0}. A principal ideal of a Riesz space E is an ideal generated by a vector x. This

ideal denoted by Ex: Ex={y € E: |y| £ A|x]| such that 3 A > 0}.

Definition 1.2.4. Let E be a Riesz space. An element 0 < e € Eis called an order unit(or a strong

unit) if for every x € E there is a A > 0 such that |x]| < Ae.

Definition 1.2.5. Let F be a vector subspace of a Riesz space E. F is called a vector sublattice(or

a Riesz subspace) if xVy € F, xAy € F whenever x,y € F.
Let F be a Riesz subspace of a Riesz space E. If for every subset of F whose supremum(or

infimum) exists in F, the supremum(or infimum) of the same subset exists in E and is the same

as that in F, then the embedding of F into E preserves arbitrary suprema and infima.
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Definition 1.2.6. Let F be a Riesz subspace of a Riesz space E. Then,
(1) Fis called regular, if the embedding of F into E preserves arbitrary suprema and infima,
(2) Fis called o-regular, if the embedding of F into E preserves countable suprema and infima,

(3) Fis called majorizing, if for every x € E there exists some y € E such that x <.

Theorem 1.2.7. Let F be a Riesz subspace of a Riesz space E. Then, the following statements
are equivalent.

(1) Fis a regular subspace of E.

(2) If {xa} E F satisfies xq1.0 in F, then x40 hols in E.

(3) If {xa} € F satisfies xa—x in F, then xq—x holds in E.

Lemma 1.2.8. Every ideal is a regular Riesz subspace.

Definition 1.2.9. Let F be a Riesz subspace of a Riesz space E. Then,

(1) Fis called order dense in E, if for all 0 < x € E (0 < x, x # 0) there exists some y € F such that
O<y<sx

(2) Fis called super order dense in E, if for all 0 < x € E there exists a sequence {x,} € F with
0<xnMxinE.

From these definitions, every super order dense is order dense.

Theorem 1.2.10. Every order dense Riesz subspace of a Riesz space is a regular Riesz subspace.

Proof. Let F be a Riesz subspace of a Riesz space E. Then, assume that F is order dense in E and
there is a net {xo} satisfies xql 0 in F. If xq1 0 does not hold in E, then there exist some
0 < x € E with 0 < x £ xq for every a. But since F is order dense in E, then from the definition
there exists y € Fsuch that 0 <y < xfor all 0 < x € E. From here 0 <y < xq holds in F for every

o, contradicting xq 0 in F. Using Theorem 1.23., Fis a regular Riesz subspace.m

Definition 1.2.11. Let A be a nonempty subset of a Riesz space E. The disjoint complement of

Ais defined by AY={x € E: xLy (|x|A|y|=0) for every y € A}.

Theorem 1.2.12. Let A be a nonempty subset of a Riesz space E. The disjoint complement of

11



A, Adis an ideal.

Proof. Using the definition of ideal, we will show A9 is a solid subspace. Let x,y € A® then by
the Definition 1.2.11. |x|Alz|= O |y|A|z|= O for every z € A. From here, we know
0< [x+y|Alz] <(Ix| + |yl)Alz]| € |x|IAlz| + |y|A]z] =0+ 0=0.So, we get [x+y|A|z| =0
and this means x +y € A%, As a result AYis a subspace. Then, let |x| < |y| for some y € A4 If
y € A9, then |y|A|z|=0 for every z € A. We have 0 < |x|A|z| £ |y|A|z|= 0. From here
|x|A|z|=0. This implies x € A9. Consequently by Definition 1.1.9. A4 is solid. Hence, A? is an

ideal.m

The disjoint complement (A%)¢ is denoted by A%. It should be noted that A N A9 = 0 and

A € A% Moreover, if A S Bthen B¢ € AC.

Theorem 1.2.13. Every ideal A of a Riesz space E is order dense in A%°. In particular, an ideal A

is order dense in E if and only if A = {0}.

Proof. The first proposition will be proved by contradiction. For this assume that ideal A is not
order dense in A%, This means that there exists some 0 < x € A% with no elementy € A
satisfying 0 <y < x. Since A is an ideal, we have |y|A|x|=0 for everyy € A. So, x € A? and from
here x € A9 N A% = {0}. This is a contradiction because x > 0. Consequently A is order dense in
A% Now for the second proposition let ideal A is order dense in E and 0 < x € A9, then choose
y € A% with 0 <y < x and from here we get y € A N A? = {0}. This is not possible because y > 0.
So, if ideal A is order dense in E then, A% = {0}. On the other hand let A? = {0}, then A% = F and

therefore A is order dense in E. m
Theorem 1.2.14. If A is an ideal of a Riesz space E, then the ideal A @ A% is order dense in E.

Proof. If x € (A @ AY), then x € AY N A% = {0}. Hence, (A @ A%)¢ = {0}. From Theorem 1.2.13. we

get ideal A @ A%is order dense in E.m

Definition 1.2.15. Let E be a Riesz space. E is called Archimedean if %X\],O for every x € E* and

n €N (ifx,y € E*fand nx <y for every n € N imply x = 0).
12



Theorem 1.2.16. Let F be a Riesz subspace of an Archimedean Riesz space E. Then, the
following statements are equivalent:

(1) Fis order dense in E.

(2) For every x € E* we have x = sup{y € F: 0 <y < x}, or equally, for every x € E* there exists a

net {Xo} € F such that 0 < xqMx in E.

Proof. (1) = (2) Let F be order dense in E. Assume, through contradiction, that x = sup{y x €
F: 0 £y < x} is false. From here, there exists 0 <z € E such thaty € Fand 0 <y < x imply
y £ x — z. Choose some a € F such that 0 < a £ z and notice that a < z + (x — z) = x. Then,
a<x-—z.Thismeans2a=a+a<(x—1z)+z=x.Duetoinduction,wegetO<na<xforn=1,2,
..., This contradicts with the Archimedean property of E. Thus, we get x =sup{y EF: 0 <y <x}
for every x € E*.

(2) = (1) If for every x € E*, x =sup{y € F: 0 <y <x} holds in E, then clearly F is order dense in

E. Because it is provides the definition of order dense. m

Definition 1.2.17. Let F and F be Riesz spaces. An operator T : E = Fis called linear operator if
T(x +y) = Tx + Ty and T(Ax) = ATx for every x,y € Eand A € R.
A linear operatoris T: E - Fis called positive operator if T(E*) € F* [or Tx 2 0 whenever x>0

in E].

Definition 1.2.18. A linear operator between Riesz spaces T: E = Fis called:

(1) disjointness preserving if xLly implies Tx L Ty for all x, y € E.

(2) interval preserving if T[0,x] = [0,Tx] for all x, y € E*.

(3) a Riesz homomorphism (or a lattice homomorphism) if T(xvy) = (Tx)Vv(Ty) and
T(xAy) = (TX)A (Ty) for all x, y € E.

(4) a Riesz 0-homomorphism (or a lattice o-homomorphism) if Tis a Riesz homomorphism and
xn—0 in E implies T(x,) = 0in F.

(5) a normal Riesz homomorphism (or a normal lattice homomorphism) if T is a Riesz

homomorphism and xq—0 in E implies T(x¢) = 0in F.

Theorem 1.2.19. Every Riesz homomorphism (or a lattice homomorphism) is a positive
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operator.

Proof. Assume that T: E - F is called a lattice homomorphism. Let x 2 0 in E. If x 2 0 then
x =xV0. From here we get Tx = T(xV0). Using the lattice homomophism property of T we have
T(xv0) = T(x)V(T0). Note that T(0) = T(0 + 0) = T(0) + T(0) = 0. So, T(x)V(7T0) = T(x)VO = 0. This

implies Tx 2 0. From the Definition 1.2.17. T is positive operator.m

Theorem 1.2.20. Let T: E = F be a linear operator between Riesz spaces E and F. Then, the
following statements are equivalent:

(1) Tis a lattice homomorphism.

(2) T(x*) = (T(x))* holds for all x € E.

(3) T(xAy) = (Tx)A (Ty) holds for all x, y € E.

(4) If xAy =0, then TxATy =0 for all x,y € E.

(5) | T(x)] = T(|x|) holds for all x € E.

Proof. 1 = 2 Using x* = xV0 and T(xVy) = (Tx)V(Ty)
T(x*) = T(xVvO0) = (Tx)V(T0) = (Tx)Vv(0) = (T(x))*

2 = 3 From the identity (9) in Theorem 1.1.2., we get x + y = XVy + XAy
X +Y - XVy = XAy
x +y = [-(-x)A(-y)] = xAy
X +y + (-X)A(-y) = xAy
X + (y-x)A(0) = xAy
X — (x-y)VO = xAy
X— (X —y)* = xAy.
Then, T(xAy) = T(x — (x — y)*) = T(x) — T(x —y)* (linearity of T)
= T(x) = (T(x-y))* by (2)
=Tx—(Tx—Ty)"=Tx— (Tx = Ty)VO = Tx — [ (Ty — TX)AOQ] = Tx + (Ty — TX)AO = TyATx = TXATy.

3 =4 Let xAy = 0. We know T(0) = T(0O + 0) = T(0) + T(0) = 0. From (3) we have
T(xAy) = (Tx)A (Ty). Clearly, T(xAy) = T(0) = 0 = (Tx)A (Ty). So, if xAy = 0, then TxATy = 0.

14



4 = 5 From the identity (10) in Theorem 1.1.2. we have x = x* - X and x*A x= 0. From (4), we
get if x*A x= 0, then T(x*)AT(x")= 0. Moreover, we will use the identities (12), (9) and (11) in
Theorem 1.1.2. to prove this statement. So,

[T(x)| = |T(x"-x)| = |T(x*) -T(x)| linearity of T

= T(x*)VT(x) - T(x*)AT(x) by the identity (12) in Theorem 1.1.2.

= T(x*)VT(x) -0 by (4)

= T(x*)VT(x)

= T(x*) + T(x) - T(x")AT(x’) by the identity (9) in Theorem 1.1.2.

= T(x*) + T(x)

=T(x*+x) linearityof T

=T(|x]) by theidentity (11) in Theorem 1.1.2.

5 = 1 From the first identity (8) in Theorem 1.1.2., we know xVy = ; (x+y+|x-y]|). Then,
T(xvy) = T (x +y + [x-y])]

=§T[x+y+ [x-y|] linearity of T

=%[Tx+ Ty+T|x-y|] linearityof T

=5 [T+ Ty + [ Tix=y)1] by (5)

= % [Tx+ Ty + |Tx—=Ty|] linearity of T

= TxVTy by the first identity (8) in Theorem 1.1.2.

From the (3) in Definition 1.2.18., T is a lattice homomorphism. =

Definition 1.2.21. Let T: E - F be a linear operator between Riesz spaces E and F. The kernel

of Tis denoted by Ker(T) ={x € E: Tx=0}

Proposition 1.2.22. Let T: E - F be a lattice homomorphism between Riesz spaces E and F.

The kernel of Tis an ideal.

Proof. We know the kernel of T: Ker(T) = {x € E: Tx =0 }. From the Definition 1.2.1., if we want
to show that Ker(T) is an ideal, then we need to show that Ker(T) is a solid subspace. In that

case, let x, y € Ker(T). Since x,y € Ker(T), Tx=0and Ty =0. Then, T(x +y)=Tx+Ty=0+0=0
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implies x +y € Ker(T). After, let a € R and x, € Ker(T). Then, T(ax) = aTx = 0.0 = 0 implies ax €
Ker(T). Consequently, Ker(T) is a subspace of E. After this, assume that |x| < |y| and y € Ker(T).
From |x| < |y|, weget0< |y]| - |x]

T(O) <T(lyl - [x])

0<T|y|-T|x]| (Linearity of 7)

TIx| <Tly].
From the statement (5) in Theorem 1.2.20. we have | T(x)| = T(|x|) and | T(y)| = T(]y]). Then,
T|x| £ T|y| means |T(x)| < |T(y)|. Ify € Ker(T), then Ty =0. So, 0 < |T(x)| < |T(y)| = 0. This
implies | T(x)| = 0 and then from here Tx = 0. So, x € Ker(T). Clearly, from the Definition 1.1.9.

we see that Ker(T) is solid. Therefore, Ker(T) is an ideal. m

Lemma 1.2.23. Let T : E = F be an onto Riesz homomorphism between Riesz spaces E and F.
Tis a normal Riesz homomorphism if and only if the kernel of T is a band of E. Likewise, T is a

Riesz o-homomorphism if and only if the kernel of Tis a o-ideal.

Proof. From the Proposition 1.2.22. we know that Ker(T) is an ideal. Suppose that T is a normal
Riesz homomorphism and also a net {xq} S Ker(T) satisfies 0 < xqx in E. Since T is a normal
Riesz homomorphism, we get T(x) = supaT(X«) = Sups0 = 0, and from here x € Ker(T). From the
Lemma 1.2.2., Ker(T) is a band. For the opposite, suppose that Ker(T) is a band and also
0 <y £ T(Xq) holds in F for some y and for every a. And let xql 0 in E. Since T is onto then, there
exists some z € E with T(z) = y. Later, let to = (z* - xa)* for every a and notice that T(ts) = [T(z*)
— T(Xa)]* = [y — T(Xa)]* = 0, so tq € Ker(T) for every a. Now, note that 0 < to1z*, and using that
Ker(T) is a band we get z* € Ker(T). Therefore, y = T(z) = [T(z)]* = T(z*) = 0. This implies T(xa) 4.0

in F. Consequently, from (5) in Definition 1.2.18 . T is a normal Riesz homomorphism. =

Definition 1.2.24. A linear one-to-one lattice homomorphism between Riesz spaces is said to

be a Riesz isomorphism (or a lattice isomorphism).

Definition 1.2.25. Let E and F be Riesz spaces. E and F are called Riesz isomorphic (or lattice

isomorphic) if there exist a lattice isomorphism from E onto F.

Theorem 1.2.26. Let T: E = F be an onto Riesz homomorphism between Riesz spaces E and F.
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Then T carries solid subsets of E to solid subsets of F.

Proof. Suppose that A is a solid subset of the Riesz space E and we have |T(x)| < |T(y)| for
somey€E€Aandx€EinF.Putz=[(-|y|Vx] A |y| € Eand notice that since |z| < |y| holds then
we get z € A. Moreover, T(z) = [(-| T(y) | )VT(x)] A | T(y)| = T(x). So, T(x) € T(A) and thus T(A) is a

solid subset of F. m

Theorem 1.2.27. Let T : E = F be a linear, one-to-one, onto operator between Riesz spaces

Then, Tis a Riesz isomorphism if and only if Tand T are positive operators.

Proof. = Assume that T: E - Fis a lattice homomorphism and letx > 0in E. Then, x> 0implies
x = xVO0. So, we get Tx = T(xV0) = TxVTO = TxVO = (Tx)* 2 0. Since Tx 2 0, then T is positive
operator. Moreover, T is one-to-one and onto imply T has inverse and its denoted by
Tl F-> Ewithy > Tly. Lety > 0in F and there is a x € E such that Tx = y. From here, we get
TYy) = THyv0) = (Ty)v(T'0) = (T'y)v0 = (T'ly) > 0. Since T(y) = 0, then T is positive

operator.

< Suppose that T and T are positive operators. Remember that T is a Riesz homomorphism
if and only if T(xvy) = (Tx)V(Ty) for all x,y EE. Let x, y € E, then x < xVy imply T(x) < T(xVy) and
y < xVy imply T(y) < T(xVy). From here, we get T(x)VT(y) £ T(xVy). For the other side, let
u, v € F. Then, T1(u)vT(v) < T1(uvv). We have u = Tx for some x € E and v = Ty for some
y € E. Put u and v in T1(u)VT2(v) € TX(uvv). Then, we get

THTX)VTYTy) < T{TxVTy)

Ix V Iy < TY(TxvTy)

xVy < TY(TxVTy)

T(xVy) < TTYTxVTy)

T(xVy) £ TxVTy.

So, T(xVy) = (Tx)V(Ty). This means T is a Riesz homomorphism. From Definition 1.2.24. T is a

Riesz isomorphism. m

1.3. Order Completeness and Riesz Algebra
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Definition 1.3.1. Let A be a subset of a Riesz space E. A is called:
(1) bounded above if there is ay € E such that x <y for each x E A,
(2) bounded below if there is a z € E such that z < x for each x € A,

(3) bounded if A is both bounded above and below.

Definition 1.3.2. Let £ be a Riesz space and for any two elements x, y € E with x <y, the set
[x,y] ={z € E: x<z <y }issaid to be order interval(or interval). A subset A of Riesz space E is

said to be order bounded if A is contained in an order interval.

Definition 1.3.3. A Riesz space E is called:
(1) Dedekind (or order) complete, if every nonempty subset of E which is bounded from above
has a supremum or every nonempty subset of E which is bounded from below has an infimum.

(2) o-Dedekind complete if every sequence that is bounded from above has a supremum.

Theorem 1.3.4. Let A be an order dense Riesz subspace of an Archimedean Riesz space E. A is

an ideal of E if A is Dedekind complete in its own right.

Proof. Suppose that 0 < x <y with x € E and y € A. Because A is order dense in E and E is
Archimedean, by Theorem 1.2.16. there exists a net {x«} of A with 0 < x¢x in E. Then, A is
Dedenkind complete, therefore 0 < xo1z holds in A for some z € A. From Theorem 1.2.10., A
is a regular Riesz subspace of E and so xq1z holds also in E. Then, x =z € A. Thus A is an ideal

of E.m

Definition 1.3.5. Let A be a Riesz space(or vector lattice). A is said to be a Riesz algebra(lattice
ordered algebra) if it has an associative multiplication and it is an algebra and additively x > 0

andy2>0inAimply xy >0in A.

Definition 1.3.6. Let A be a lattice ordered algebra. Then, A is called:
(1) an f-algebra if xAy = 0in A, then axAy =xaAy forall0<a €A,

(2) an almost f-algebra if xAy=0in A, thenxy =0inA,

(3) a d-algebra if xAy =0in A, then axAay =0 = xaAya forall0<a € A.
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Proposition 1.3.7. Let A be an f-algebra and x, y € A. If xly, then xy = 0.

Proof. From the Definition 1.1.6. we know that xLly imply |x|A]y| = 0. Let xAy = 0, then we
know 0 = xAy < xand 0 = xAy <y. A is an f-algebra so we get

yxAy = 0 (f-algebra and y 2 0)

yAyx =0 (commutative)

yxAyx = 0 (f-algebra and x > 0). This implies yx = 0. In addition,

xyAy = 0 (f-algebra and y > 0)

yAxy = 0 (commutative)

xyAxy = 0 (f-algebra and x > 0). This implies xy = 0.We know that, x*< |x|, x < |x], y*< |y| and
y < |y|. From here,

0 <x*Ay*< |x|Aly| =0 implies x*Ay* =0

0 <x*Ay < |x|A]y| = 0implies x*Ay =0

0 <xAYy*< [x|Aly] =0implies xAy* =0

0 < XAy £ |x|A]y| = 0 implies x Ay = 0. Using the xAy = 0 implies xy = 0, we get x*y* = 0,
x*y =0, xy* =0 and xy = 0. From the first identity (10) in Theorem 1.1.2. we have x = x* - X’

andy = y* -y, S0, xy = (X" - X){y* - y) =XY* - XY - Xy* + Xy = 0.m

Proposition 1.3.8. Let A be a f-algebra and x € A. Then, xx = x2 > 0.

Proof. From the identity (10) in Theorem 1.1.2. we know x = x* - x" and x*A x = 0. So, using the
proposition 1.3.7., x*A x = 0 implies x*x = 0 and x'A x*= 0 implies xx* = 0. Moreover, we know
0<x*and 0 < x*imply 0 < x*x* = (x*)?

0<x and 0 < x imply 0 < x'x = (x)>2

Note that,

X2 =xx = (X" - x)(xt-x) =xx - XX - xxtHxx = (x)2+ (x)220.m
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RESULTS

First, we described and proved lattice identities. Then, we studied some lemmas and
theorems of Riesz spaces. The subject of Riesz spaces, of which we have shown only a small
part, is very broad and is used in many different sciences apart from mathematics like

economy.
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